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Abstract
The processes of 4I13/2 → 4I15/2 luminescence quenching by OH vibrations
are investigated for LaF3:Er3+ nanoparticles dissolved in solution. The energy
transfer (ET) rates, involving the 4I13/2 → 4I15/2 transition of Er3+ and the first
overtone absorption of OH, are estimated. In order to calculate the relevant OH
transition matrix elements, a model for the OH vibration in solution is developed
with the use of a Morse potential. Various multipole–multipole ET mechanisms
are considered and their dependences on the distance between Er3+ and OH
are studied. Based on these ET mechanisms, the ET rates from an Er3+ in the
nanoparticle to all the OH in solution are estimated and compared with respect
to changes in location of the ion, size of the nanoparticle and OH concentration
in solution. The effective 4I13/2 → 4I15/2 luminescence decay times that are
contributed by all the Er3+ in the nanoparticle are then calculated with different
Er3+ concentrations. The calculations satisfactorily account for experimental
observations.

1. Introduction

In recent years there has been a growing interest in the optical behaviour of lanthanide-doped
inorganic nanoparticles dissolved in organic solvents [1–5]. The lanthanide ions in these
nanoparticles are shielded from the organic surroundings, and as a result the luminescence
lifetimes could be orders of magnitude larger than those observed by directly incorporating the
lanthanide ions into organic environments [3]. This is especially important for lanthanide ions
emitting in the near-infrared, because the energies involved in these transitions are smaller and
thus quenching of the luminescence by energy transfer (ET) to high-energy vibrational modes
in the solvent is much more pronounced. For example, the 4I13/2 → 4I15/2 luminescence of
Er3+ around 1.53 μm, which is one of the standard telecommunications wavelengths, can be
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quenched efficiently by the OH vibrations of water in the solvent, since the energy of the
4I13/2 → 4I15/2 transition (E = 6540 cm−1) is in strong resonance with the first overtone of
the OH vibration (E0 = 3400 cm−1). A detailed description of such quenching processes
requires a detailed knowledge of the electronic structures and transitions of lanthanide ions
and of vibrational transitions of the high-energy modes in the solvent. While the former may
be obtained by the usual spectroscopic techniques, the latter has shown to constitute a rather
difficult problem.

Although the luminescence quenching of lanthanide ions in environments with OH
vibrations has been known for decades, theoretical calculations for such ET processes (from
lanthanide ions to OH) are rather scarce [6, 7], in contrast to the widely performed theoretical
calculations for ET processes between lanthanide ions in inorganic compounds [8–10]. Stavola
and Dexter [7] calculated the ET rates involving simultaneous lanthanide electronic and OH
vibrational transitions in condensed matter. After deriving the ET formulation along the lines of
Förster [11] and Dexter [12], they simplified calculations for the involved lanthanide electronic
transitions using the approximations of Kushida [8], and estimated the relevant OH transition
matrix elements from the experimentally determined oscillator strengths. They also pointed out
that the derived ET formulation was equally applicable to ET processes occurring between the
lanthanide ion and OH in aqueous solutions, if the relevant OH transition matrix elements were
known.

In the present work we have studied ET processes from the excited 4I13/2 manifold of Er3+
in LaF3 nanoparticles to OH vibrations in solution. Recently, the 4I13/2 → 4I15/2 luminescence
decays for LaF3:Er3+ nanoparticles dissolved in the organic solvent have been measured, and
the quenching role of the residual water in the solvent was observed [3]. In order to facilitate
the calculation of ET rates, a model for the OH vibration in solution has been developed,
by which the OH transition matrix elements have been derived using a Morse potential. At
the same time, advantage has been taken of the ET formulation developed in [7] and the well
characterized optical properties of Er3+ in the LaF3 crystal [13]. The results of this work, which
is focused on the demonstration of ET calculations involving lanthanide electronic transitions
in inorganic nanoparticles and OH vibrations in solution, may also act as a reference for the
interpretation of the 4I13/2 → 4I15/2 luminescence quenching of Er3+ by water solution, which
is not available in the literature.

This paper is organized as follows. The theoretical background of ET processes between
a lanthanide ion and an OH group is presented in section 2. In section 3 the modelling of OH
vibration in solution is described and the relevant OH transition matrix elements are derived.
The results of the ET calculations are presented and discussed in section 4, with the final
conclusions collected in section 5.

2. Theory

The approximate expression for the ET rate between a lanthanide ion and a molecule, which
are denoted by centres A and B , respectively, may be expressed as [7]

PAB = 2π

h̄

[
1

κ2

∑
k1k2

[
e2

Rk1+k2+1

]2
(2k1 + 2k2)!

(2k1 + 1)!(2k2 + 1)!
∑

q1,γ,γ
′

∣∣〈Jγ ∣∣Dk1
q1
(A)

∣∣ J ′γ ′〉∣∣2

(2J + 1)(2J ′ + 1)

×
∑

q2

∣∣〈00
∣∣Mk2

q2
(B)

∣∣ 0n
〉∣∣2

]
ρE (1)

where centre A makes an electronic transition and centre B a vibrational one. κ is the high-
frequency dielectric constant, which acts as a screening constant for the interaction, and R is
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Figure 1. The coordinate system for the two centres A and B .

the separation between centres A and B . The coordinate system for the two centres is shown in
figure 1. Both the electron–electron and electron–nuclear interactions between centres A and
B have been considered. The electric multipole moment operators in equation (1) are given by

Dk
q(A) =

∑
i

r k
Ai C

k
q (θi , φi ), (2)

Mk
q (B) =

∑
j

r k
B j C

k
q(θ j , φ j )−

∑
L

Z L xk
B LCk

q (θL , φL), (3)

with

Ck
q (θ, φ) =

(
4π

2k + 1

)1/2

Ykq (θ, φ). (4)

In these expressions (rAi , θi , φi ) and (rB j , θ j , φ j ) are the polar coordinates of electrons i and j
at centres A and B , respectively, and (xB L , θL , φL ) are the coordinates of nucleus L at centre
B . They are all measured from their respective centres of mass. Z L is the atomic number of
the Lth nucleus at centre B . The kets |Jγ 〉 and |J ′γ ′〉 are the initial and final crystal-field (CF)
states of the lanthanide ion (centre A), and the |0n〉 is the Born–Oppenheimer state of centre
B with the index 0 indicating the ground electronic state and the index n the quantum number
for the vibrational one. The summation is over q = −k, . . . , k, and the components γ of the
initial and final CF levels of the lanthanide ion. The overlap integral ρE is defined as [7]

ρE =
∑
γ γ ′

e−Eγ /kT

Q

∫
fγ γ ′ (E)F00,0n(E) dE. (5)

Here, the integral is over the normalized line-shape functions for the radiative transitions,
|Jγ 〉 → |J ′γ ′〉 and |00〉 → |0n〉, of centres A and B , respectively, and represents the density
of the energy-conserving states. The Boltzmann factor has been included to account for the
thermal distribution of energy among the initial CF levels of the lanthanide ion, and

Q ≡
∑
γ

e−Eγ /kT ,

is the partition function. Depending on different interaction mechanisms, PAB can be reduced
to different formulae as follows:

Pdd
AB = 2π

h̄

1
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(
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3

)
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×
[∑

q

∣∣〈00
∣∣M1

q (B)
∣∣ 0n

〉∣∣2

]
ρE , (6)

for the electric dipole–electric dipole interaction, where	ed
λ (λ = 2, 4, 6) are the 4f–4f intensity

parameters without the contribution from the so-called dynamic coupling mechanism of 4f–4f
intensities [14], and 〈J ||U (λ)||J ′〉 are the reduced matrix elements of the unit tensor operator
U (λ),

Pqd
AB = 2π

h̄

1
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for the electric quadrupole–electric dipole interaction, where σ2 is the screening factor due to
the outer filled 5s2 and 5p6 shells of the lanthanide ion [15], 〈r 2〉 is the expectation value of r 2

for the 4f orbital, and the reduced matrix element 〈 f ||c2|| f 〉2 = 28/15,

Pdq
AB = 2π
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for the electric dipole–electric quadrupole interaction and

Pqq
AB = 2π
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for the electric quadrupole–electric quadrupole interaction.

3. Modelling of OH vibration

For the squared transition matrix elements of OH (centre B) in equations (6)–(9), Stavola and
Dexter [7] estimated the values for the |00〉 → |01〉 transition in condensed matter from the
experimental oscillator strength of the OH fundamental absorption band. In this work, however,
we evaluated them analytically by developing a reasonable model for the OH vibration in
solution. From equation (3), the transition matrix element may be expressed as
〈
00

∣∣Mk
q (B)

∣∣ 0n
〉 = 〈0|

∫
ρ(�r , �x)rkCk

q (θ, φ) d�r |n〉 − 〈0|
∑

L

Z L xk
LCk

q (θL, φL )|n〉 (10)

where ρ(�r , �x) is the probability density of finding an electron at position �r in the nuclear
configuration �x . The evaluation of the first matrix element in equation (10) is usually difficult
because it involves integrals over both the electron and nuclear coordinates. However, it is
possible to formulate a model for the OH vibration, in which the first matrix element may be
neglected and the second greatly simplified, as shown in the following. We assume that the
hydrogen atom is bonded to an infinitely massive atom which represents the oxygen atom,
and is constrained to move along the z axis of the coordinate system B with the equilibrium
position at the origin (z = 0). The massive atom is located at (0, 0, z0), with z0 equal to
the equilibrium OH separation. In this way, the electronic density ρ(�r , �x) in (10) may be
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assumed to be independent of �x , that is, ρ(�r , �x) ≈ ρ(�r , z0), since the electron charge cloud
is mainly located around the immobile massive atom. This is because oxygen has a much
larger electronegativity than hydrogen. Certainly, this assumption is not applicable to the CH
vibration. The first matrix element in (10) is then zero if n 	= 0 due to orthogonality of the
vibrational wavefunctions. In addition, with the atomic number of hydrogen, Z L = 1, and the
polar coordinates, xL = z, θL = 0◦ or 180◦, and φL = 0◦, the second matrix element, after
some mathematical manipulations, is simplified to

〈0|
∑

L

Z L xk
LCk

q (θL , φL)|n〉 = δq,0〈0|zk |n〉 (11)

where z describes the departure of the hydrogen atom from its equilibrium position. In the
following, we will denote 〈0|zk |n〉 by z(k)0n for brevity. In order to evaluate z(k)0n , a Morse potential
has been employed for the OH vibration,

V (z) = D[1 − exp(−az)], (12)

where the parameters D (in cm−1) and a (in Å
−1

) are related to the spectroscopic vibrational
constants, namely the fundamental frequency ωe (in cm−1) and the anharmonic constant χe,
by [16]

D = ω2
e/ (4ωeχe) and a = 0.2436 (μωeχe)

1/2

in which, μ = 1 amu, is the reduced mass of OH. With eigenfunctions of the Morse potential,
the analytical expressions for z(k)0n (k = 1, 2) can be written as [17]

z(1)0n = (−1)n+1

an(k − n − 1)

(
n!�(k − n)

�(k)
(k − 1)(k − 2n − 1)

)1/2

,

z(2)0n = 2 ln(k)

a
M (1)

0n + 2

a2
(−1)n−1

(
1

n!
�(k)

�(k − n)
(k − 1)(k − 2n − 1)

)1/2

× �(k − n − 1)

�(k)
(n − 1)![ψ(1)− ψ(n) − ψ(k − n − 1)],

where k = ωe/(ωeχe), �(x) is the gamma function and ψ(x) = �′(x)/�(x) is the digamma
function. In the present study on the ET, involving the 4I13/2 → 4I15/2 transition of Er3+ and
the first overtone |00〉 → |02〉 transition of OH, only the squared matrix elements with n = 2
are needed. They are given by∣∣∣z(1)02

∣∣∣2 = 1

a2

(k − 5)

2(k − 2)

1

(k − 3)2
,

∣∣∣z(2)02

∣∣∣2 = 2 ln(k)

a
M (1)

02 + 1

a2

(
2(k − 5)

(k − 2)(k − 3)2

)1/2

[1 + ψ(k − 3)] .

With the typical values, ωe = 3400 cm−1 and χe = 0.025, for the OH fundamental frequency
and the anharmonic constant in solution [18–21], respectively, we obtain∣∣∣z(1)02

∣∣∣2 = 〈0 |z| 2〉2 = 2.25 × 10−4a2
0 and

∣∣∣z(2)02

∣∣∣2 = 〈
0
∣∣z2

∣∣ 2
〉2 = 4.96 × 10−4a2

0,

(13)

where a0 is the Bohr radius. The values for the two squared matrix elements in equation (13)
enable us to compare the relative importance of the various ET mechanisms as described in
equations (6)–(9). Note that in the limit χe → 0, the two squared matrix elements would reach
the harmonic values, i.e. |z(1)02 |2 = 0 and |z(2)02 |2 = 5.59 × 10−4a2

0 .
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4. Results and discussion

4.1. ET rates for a single Er3+ and OH pair

In order to calculate the ET rate from LaF3:Er3+ nanoparticles to OH in solution, the various
quantities appearing in (6)–(9) need to be evaluated. The reduced matrix elements of the unit
tensors U (λ) may be taken from the work by Weber [13], in which 〈4I13/2||U (λ)||4I15/2〉 =
0.0188, 0.1176, and 1.4617 for λ = 2, 4 and 6, respectively. The intensity parameters
	ed
λ were approximated by the experimentally determined Judd–Ofelt (JO) parameters for the

LaF3:Er3+ crystal [13], and are given by 	ed
2 = 2.71 × 10−4a2

0 , 	ed
4 = 0.69 × 10−4a2

0 , and
	ed

6 = 1.60 × 10−4a2
0 . We supposed here that the dynamic-coupling contributions, which are

contained in the experimentally determined JO intensity parameters, are not important for the
4I13/2 → 4I15/2 transition. This is because the dynamic-coupling mechanism mainly influences
transitions with larger 〈J ||U (2)||J ′〉 values for λ = 2 than those for λ = 4 and 6, whereas the
4I13/2 → 4I15/2 transition mainly depends on the element with λ = 6. In addition, the values of
the radial integral 〈r 2〉 and the screening factor σ2 were taken from a relativistic Hartree–Fock
calculation with 〈r 2〉 = 0.710a2

0 and σ2 = 0.541, respectively [22]. The dielectric constant for
the LaF3 crystal was applied with κ = 1.58 [23].

For the overlap integral ρE between the 4I13/2 → 4I15/2 emission band of Er3+ in
LaF3:Er3+ nanoparticles and the first overtone |00〉 → |02〉 band of OH in solution, only
a crude estimate has been made. From the definition of ρE in equation (5), the line shape
functions for the transitions from the 4I13/2 manifold to each of the 16 components of the 4I15/2

manifold have unit area, and thus the total area for the entire 4I13/2 → 4I15/2 emission band
is 16. At room temperature, the 4I13/2 → 4I15/2 emission of the LaF3:Er3+ nanoparticle was
assumed to give a Gaussian shaped band peaked at 6540 cm−1 (1.53 μm) with the full width at
half maximum (FWHM) of about 300 cm−1 [2]. For the first overtone |00〉 → |02〉 transition
of OH, a Gaussian band was also used with a FWHM of about 300 cm−1. This FWHM value
is a little larger than the typical value (250 cm−1) for the OH fundamental absorption band in
solution [24]. Moreover, considering the wide variety of OH environments in solution [25], a
resonant ET from Er3+ (4I13/2 → 4I15/2) to OH (|00〉 → |02〉) has been adopted. Then, for such
two Gaussian bands, the overlap integral ρE has been estimated to be of the order of 10−2 cm−1.

Substituting the values for the various quantities into equations (6)–(9), we have the
following expressions for the ET rates from a given Er3+ ion in the LaF3 nanoparticle to one of
the OH groups in solution:

Pdd
AB = 3.77 × 1010

(a0

R

)6
s−1, (14a)

Pdq
AB = 1.24 × 1011

(a0

R

)8
s−1, (14b)

Pqd
AB = 8.53 × 1011

(a0

R

)8
s−1, (14c)

Pqq
AB = 5.29 × 1012

(a0

R

)10
s−1, (14d)

which show that the dipole–quadrupole interaction is much smaller than the quadrupole–dipole
interaction, though with the same 1/R8 dependence. From the above expressions, the R
dependence of the ET rates within the range of R = 2–30 Å is shown in figure 2, together
with that of the total ET rate

P tot
AB = Pdd

AB + Pdq
AB + Pqd

AB + Pqq
AB , (15)

while the radiative 4I13/2 → 4I15/2 transition rate constant kR = 1/τR is denoted by a horizontal
line, where τR = 13 ms is the natural radiative lifetime of the 4I13/2 manifold [13], that is, a
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Figure 2. Dependence of ET rates on the separation R between an Er3+ ion in the LaF3 nanoparticle
and an OH group in the solution within the range of R = 2–30 Å. The radiative 4I13/2 → 4I15/2

transition rate constant kR = 1/τR (τR = 13 ms) is also included by a horizontal line. The inset
shows the dependence on the separation R from 2 to 5 Å.

lifetime that would be measured in the absence of any ET between Er3+ ions inside the LaF3

nanoparticle. From the inset of figure 2, we can see that, for a separation of ∼2.7 Å, the
quadrupole–dipole plus dipole–quadrupole interactions are comparable in magnitude to the
dipole–dipole interaction in quenching the 4I13/2 → 4I15/2 luminescence. They are operative
up to a separation of 6 Å, and then the dipole–dipole interaction dominates the total quenching
for longer distances. The decrease of the total quenching rate P tot

AB with increasing R is steeper
for R � 5 Å. For example, an increase of R from 2.5 to 5 Å would cause a reduction of two
orders of magnitude in the total quenching rate. The quadrupole–quadrupole interaction can be
readily neglected for a separation larger than 3 Å. The total quenching rate P tot

AB is comparable
to the radiative transition rate constant kR at R = 13 Å, and becomes negligible in quenching
the 4I13/2 → 4I15/2 luminescence when the separation is larger than 20 Å.

It is worth noting that besides the aforementioned quenching processes involving a single
Er3+ (4I13/2 → 4I15/2) and OH (00 → 02) pair another kind of quenching, called cooperative
quenching [26], could be operative here. This quenching, first predicted by Dexter [27] and
recently identified experimentally by Basiev et al [28], takes place in a simultaneous ET from a
single Er3+ (4I13/2 → 4I15/2) ion to two OH (00 → 01) fundamental vibrations, in view of the
good resonance in the transition energies. Along the lines of Kushida [8], the expressions for
the ET rates for these processes, which are due to (Er3+, OH)–(Er3+, OH) interactions, have
been derived [29], and for the largest (dipole, dipole)–(dipole, dipole) (dd–dd) contribution, it
is given by

Pdd–dd
AB–AC = 1.04 × 1012

(a0

R

)12
s−1

where the two (Er3+, OH) distances R were taken to be the same. For a distance R = 2.5 Å,
which is about the nearest Er3+–OH separation [30] in the system under consideration, Pdd–dd

AB–AC

7
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was estimated to be 8.4 × 105 s−1, a value three orders of magnitude smaller than P tot
AB

(8.4 × 108 s−1) from equation (15). The contributions of the dd–dq (or dq–dd) and dq–dq
processes can also be estimated. The results show that these contributions are respectively
two and ten orders of magnitude smaller than that due to the dd–dd mechanism for the above
separation. Therefore, the contribution from cooperative quenching is negligible compared to
that due to the single (Er3+, OH) pair interaction, and is omitted in the subsequent sections.

4.2. ET rates between LaF3:Er3+ nanoparticles and OH groups in solution

The observed 4I13/2 → 4I15/2 luminescence for a given LaF3:Er3+ nanoparticle consists of
contributions from all the Er3+ ions in the nanoparticle; for each Er3+ ion, the luminescence
quenching results from interaction with all the OH groups in solution. From figure 2, one can
see that most of the quenching is through interactions with the OH groups at/near the particle
surface. To consider the different quenching rates for Er3+ ions in different locations, the
nanoparticle, which is assumed to be spherical in shape, is divided into a number of spherical
shells of equal volume as in [3]. This is to ensure equal weight for Er3+ in each shell, with the
assumption of a homogeneous Er3+ distribution in the nanoparticle.

Consider now the case in which the concentration of Er3+ in the LaF3 nanoparticle is
so small that the self-quenching of luminescence through ET between Er3+ ions inside the
nanoparticle is negligible, like for example the upconversion ET between two excited 4I13/2

states and the migration of the 4I13/2 excitation to an impurity inside the particle or at the surface
(i.e. diffusion to energy sinks). For a given Er3+ in shell i , the 4I13/2 → 4I15/2 luminescent
decay rate constant ki can be expressed as

ki = kqi + kR, (16)

where kqi is the quenching rate constant due to the interaction with all the OH groups outside
the nanoparticle, and kR is the aforementioned radiative rate constant of the 4I13/2 → 4I15/2

transition, which is the same for Er3+ in all shells. The quenching rate constant kqi in
equation (16) may be calculated by using

kqi = ρOH

∫
V

P tot
AB dV = ρOH

(∫
VI

P tot
AB dV +

∫
VII

P tot
AB dV +

∫
VIII

P tot
AB dV

)
, (17)

where P tot
AB is the total quenching rate constant for a single (Er3+, OH) pair as expressed

in equations (14) and (15), and ρOH is the concentration of OH in solution, which was also
assumed to be homogeneously distributed. In the second step of equation (17), the integration
volume V is divided into three spherical domains (I, II and III) with the Er3+ (in shell i ) at
the centre, as also shown in figure 3. In this figure, the spherical nanoparticle with radius R is
represented by the shaded area, the distance between the centres of shell i and the nanoparticle
is denoted by Ri , and the partition of the integration volume is indicated by the solid lines.
The first spherical domain (I) with radius R − Ri , is totally inside the particle without any
OH present, and consequently will not contribute to kqi . The second domain (II) that is a
spherical shell with inner and outer radii of R − Ri and R + Ri , respectively, is partially inside
the particle without quenching and partially outside with quenching. The third one (III) with
radius extending from R + Ri to infinite, lies totally outside the particle with full quenching.
A detailed description of the integration in these three domains may be found in [3]. Dividing
each of the nanoparticles with radii R0 = 1–10 nm into 100 shells, we calculated the quenching
rate constant kqi for one Er3+ in each shell by numerical integration. The results are shown in

figure 4(a). The OH concentration in pure water, ρ0 = 6.7×10−2 Å
−3

, has been used for ρOH in
equation (17). In the integration, we have taken a distance of 2.5 Å, which is about the nearest

8
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Er3

I
II III

i 

R 

Ri

R-Ri 

R+Ri 

Figure 3. Schematic representation of a spherical nanoparticle by shaded area, and of the partition
of the integration volume around a given Er3+ in shell i into three spherical domains (I, II and III)
indicated by the solid lines.

La–F separation in the LaF3 crystal [30], as the minimum cut-off distance between Er3+ at the
outmost shell and OH at/near the surface. This is to remove the abnormally high kqi values that
would result from unrealistically small R values (see equations (14a)–(14d)). In figure 4(a), the
radiative transition rate constant kR = 1/τR (τR = 13 ms) is indicated by a horizontal line for
comparison. As implied by equation (17), if the OH concentration ρOH were reduced by orders
of magnitude, the quenching rate constants kqi would scale down accordingly. As a specific
example, we consider the LaF3:Er3+ nanoparticle with radius R0 = 5 nm. The quenching rate
constants kqi (i = 1–100) with ρOH = ρ0, ρ0 × 10−1, ρ0 × 10−2, ρ0 × 10−3 and ρ0 × 10−4, are
shown in figure 4(b). It is interesting to see that, when ρOH � ρ0 × 10−3, the 4I13/2 → 4I15/2

luminescence quenching of the LaF3:Er3+ nanoparticle by the OH is small. It should be noted
that if an Er3+ ion were exposed directly to solution the quenching rate constant by OH would
be even larger than that for an Er3+ ion at the surface of a LaF3 nanoparticle dissolved in the
solution. This is because the Er3+ ion at the surface is only partially exposed to the liquid
environment.

4.3. Effective 4I13/2 → 4I15/2 luminescence lifetimes for LaF3:Er3+ nanoparticles

Due to the different quenching rates for the Er3+ ions in the different shells of a nanoparticle,
the observed 4I13/2 → 4I15/2 luminescence decay is multi-exponential in character. For this
reason, we calculated the effective decay time τeff of the luminescence by [31]

τeff =
∫ ∞

0 t I (t) dt∫ ∞
0 I (t) dt

=
∑n

i=1 Ai/k2
i∑n

i=1 Ai/ki
, (18)

where I (t) is the luminescence intensity at time t , ki is the decay rate constant for the Er3+
in shell i as expressed in equation (16) and Ai = 1/n = 0.01. The effective decay times for
the LaF3:Er3+ nanoparticles with radii R0 = 1–10 nm and with various OH concentrations
in solution are presented in figure 5. Figure 5(a) shows the results obtained with the natural
radiative life time τR = 13 ms. This corresponds to the case in which the 4I13/2 → 4I15/2

luminescence self-quenching due to ET between Er3+ ions is absent.

9
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Figure 4. (a) The 4I13/2 → 4I15/2 luminescence quenching rate constant kqi for an Er3+ ion in
shell i (i = 1–100) of the LaF3:Er3+ nanoparticle with radii R0 = 1–10 nm in pure water. (b) kqi

(i = 1–100) for a LaF3:Er3+ nanoparticle with R0 = 5 nm and the OH concentration ρOH = ρ0,
ρ0×10−1, ρ0×10−2, ρ0×10−3 and ρ0×10−4, where ρ0 is the OH concentration in pure water. The
coordinate Ri represents the distance of shell i from the centre of the nanoparticle. The radiative
4I13/2 → 4I15/2 transition rate constant kR = 1/τR (τR = 13 ms) is also plotted by the horizontal
line.

When the Er3+ concentration in the LaF3 nanoparticle is increased self-quenching occurs,
and becomes important and even dominant compared to the quenching by OH. In these
cases, the radiative constant kR in equation (16) should be replaced by kR + kQ, where kQ

is the self-quenching rate constant. For LaF3 nanoparticles with an average diameter of
6.3 nm and with the atomic Er3+ concentrations of 1%, 2% and 5%, the experimental (fitted)
values of kQ are 2.02 × 103, 2.93 × 103 and 4.15 × 103 s−1, respectively [3]. A plot of
kQ versus Er3+ concentrations is presented in figure 6, which shows a linear relationship,
corresponding to the fast diffusion case, in which the migration of the 4I13/2 excitation between
Er3+ ions is faster than the other self-quenching processes [32]. Figures 5(b)–(d) depict the
calculated effective decay times τeff for the LaF3:Er3+ nanoparticles with Er3+ concentrations
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Figure 5. The effective decay time τeff of the 4I13/2 → 4I15/2 luminescence for LaF3:Er3+
nanoparticle with radii R0 = 1–10 nm and OH concentration ρOH = ρ0, ρ0 × 10−1, ρ0 × 10−2,
ρ0 × 10−3 and ρ0 × 10−4, where ρ0 is the OH concentration in pure water. The τR = 13 ms
in panel (a) refers to the case without ET between Er3+ ions inside the nanoparticle, whereas the
concentrations 1%, 2% and 5% in panels (b), (c) and (d) refer to the cases where ET exists between
Er3+ ions.

of 1%, 2% and 5%, respectively. The corresponding experimental kQ values, which are
independent of particle sizes, have been used in the calculations. Furthermore, the ranges
of τeff for a LaF3:Er3+ nanoparticle with diameter of 6.3 nm and with the OH concentration
ρOH = ρ0 × 10−2–ρ0 × 10−3, were calculated and are listed in the second column of
table 1. The experimental values in the third column were obtained from table 4 of [3] for
LaF3:Er3+ (1%, 2%, 5%) nanoparticles of the above size dissolved in the organic solvent. A
comparison between the calculated and experimental τeff values indicates interestingly that the
concentration of the OH group in the organic solvent is within the range of ρ0×10−3–ρ0×10−2,
confirming the quenching role of the residual water in the solvent [3].

We also investigated briefly the case of the LaF3:Er3+ core–shell nanoparticle in which
an Er3+ doped LaF3 core is surrounded by an undoped LaF3 shell. Since the Er3+ ions at the
outmost part of the nanoparticle experience the largest luminescence quenching by the outside
OH groups, it is expected that the effective decay time τeff will increase with increase in the
undoped shell volume. The last column of table 1 lists the τeff values for a LaF3:Er3+ core–
shell nanoparticle with a diameter of 6.3 nm, where the undoped LaF3 shell accounts for 1/10
of the whole particle volume, and with the OH concentration ρOH = ρ0 × 10−2–ρ0 × 10−3. A
comparison with the corresponding LaF3:Er3+ values in the second column shows a small but
apparent increase of τeff values when the core is covered by an undoped LaF3 shell.
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Figure 6. The self-quenching rate constants kQ versus Er3+ atomic concentrations for the LaF3

nanoparticles with an average diameter of 6.3 nm.

Table 1. The calculated effective decay time τeff of the 4I13/2 → 4I15/2 luminescence for the
LaF3:Er3+ nanoparticle with a diameter of 6.3 nm and an OH concentration ρOH = ρ0 ×10−2–ρ0 ×
10−3, where ρ0 is the OH concentration in pure water. The experimental τeff values were obtained
from [3].

τeff

τeff (core–shell)
Calc. Expt. Calc.

LaF3:Er3+a
5.87–9.75 ms — 5.88–9.80 ms

LaF3:Er3+ (1%) 385–433 μs 404 μs 389–445 μs
LaF3:Er3+ (2%) 282–313 μs 292 μs 285–321 μs
LaF3:Er3+ (5%) 204–226 μs 212 μs 208–230 μs

a The luminescence self-quenching due to ET between Er3+ ions is absent.

5. Conclusions

We have performed theoretical calculations for the ET processes involving the 4I13/2 → 4I15/2

transition of Er3+ in the LaF3 nanoparticle and the first overtone transition of OH in solution.
The required OH transition matrix elements have been obtained by developing a model for
the OH vibration in solution with the use of a Morse potential. Dependences of ET rates
for a single (Er3+, OH) pair of various multipole–multipole mechanisms on their separation
have been investigated, showing that the dipole–dipole mechanism becomes dominant when
the separation is larger than 6 Å. The ET rates from the Er3+ ions in different places inside
nanoparticles with different size to all the OH groups in solution with various concentrations
have been calculated. The effective decay time of the multi-exponential 4I13/2 → 4I15/2

luminescence of the LaF3:Er3+ particle in solution has been systematically studied with respect
to changes in size of the particle, Er3+ concentration in the nanoparticle, and OH concentration
in solution. The experimental results are satisfactorily accounted for by the calculations [3].
Finally, a brief investigation for the case of the LaF3:Er3+ core–shell nanoparticle has been
made.
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It should be noted that the ET from Er3+ to OH would possibly require the annihilation
of a few phonons from the LaF3 host, and an effective repopulation of the 4I13/2 through back-
transfer from OH would be considerably attenuated by the extremely short lifetime of the OH
overtone. Moreover, in the calculation we have assumed that the local environments of Er3+
on the surface of the LaF3 nanoparticle are the same as those of Er3+ in the bulk, and thus
the radiative lifetimes τR are equal in the two cases. It has been shown recently [33] that the
surface ions experience a less symmetric CF than the ion in the bulk, and the surface effects
can be very effectively reduced by forming core–shell particles. In addition, lanthanide-doped
nanoparticles of different sizes in a solvent show different luminescence lifetimes due to the
different effective refractive indices [34]. These effects on the results of the present study are
expected to be small in view of the small difference of the refractive indices between the LaF3

(1.58) and the organic solvent (for example, 1.42 for CH2Cl2). Finally, the exchange Coulomb
interaction between Er3+ and OH has not been taken into account. Since the dipole–dipole
ET mechanism is allowed in the present case, the inclusion of exchange effects would not
materially change the results.
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